We present leading logarithmic QCD corrections to the decay B s → γγ in the Standard Model. Further, the form factor F 1 (0) of B s → φγ is calculated in the framework of QCD sum rules and found to be in agreement with the result existing in the literature. Using Vector Meson Dominance model, the amplitude for B s → φγ → γγ is calculated as an estimate of the O 7 -type contributions to the long-distance effects in the B s → γγ decay. The resulting branching ratio B(B s → γγ) SD+LD O 7 is analysed in view of its strong m s and µ dependence. *
Introduction
Rare B decays induced by flavor changing neutral currents (FCNC) are known to provide information about the Standard Model (SM) at quantum level and quantitative information on the SM parameters, such as the Cabibbo-Kobayashi-Maskawa (CKM) matrix elements. The CLEO observation [1] of the radiative decay mode B → X s γ has been analysed in the SM and the rate agrees with the SM-based theoretical calculations [2] . Another example is B s → φγ, which is CKM allowed due to the dominant CKM matrix element dependence of the decay rate.
The calculational procedure of such decay rates is to use an effective Hamiltonian obtained by integrating out the top quark and the W ± bosons [3] 
Here O i are suitable operators and C i are Wilson coefficients renormalized at the scale µ.
The coefficients can be calculated perturbatively. Hadronic matrix elements < V |O i |B > can be calculated using some non-perturbative methods like QCD sum rules, which is one of the powerful methods to calculate matrix elements in a model independent way.
Among rare decays, B s → γγ is a potential candidate to test the SM and search for new physics. The final state contains CP-odd and CP-even states, allowing us to study CP violating effects. Measurement of these odd and even states is a powerful test of the underlying theory, in particular SM. In the literature, B s → γγ decay has been investigated earlier in the lowest order [4] [5] [6] and the branching ratio is found to be 4.4 · 10 −7 in the SM context for m s = 0.5
GeV and other parameters given in Table 1 .
In the present work we give the leading logarithmic QCD-improved rates for B s → γγ.
This can be achieved through a matching of the full theory with the effective theory at a scale µ = m W , using the effective Hamiltonian in eq. (1), and performing an evolution of the Wilson coefficients from m W down to µ ∼ O(m b ), thus resumming all large logarithms of the form
where m ≤ n (n = 0, 1, 2, . . .). In the leading logarithmic approximation, which we use here, m = n. We estimate further the additional contribution in the decay B s → γγ through B s → φγ followed by φ → γ using Vector Meson Dominance (VMD) [7] .
In the language of the operator basis in eq. (1), this contribution involves the operator O 7 , (see eq. (6) below). The decay B s → φγ was studied in the literature in the framework of 1 Light-cone QCD sum rules [8] . We have repeated the calculation using the ordinary QCD sum rules including the contribution from the gluon condensate. The CP-odd and CP-even amplitudes in B s → γγ are then estimated by considering the φ → γ process using a φphoton conversion factor supplied by the VMD model. In this part an extrapolation from p ′2 = m 2 φ (needed for B s → φγ) to p ′2 = 0 (required for B s → γγ) is necessary. We assume, that the form factor is dominated by a single pole, which is a good approximation for light mesons. The decay rate for B s → γγ depends sensitively on both m s and µ. For m s =0.2
GeV and µ=5 GeV, we get (including long-distance effects through O 7 ) the branching ratio B(B s → γγ)) SD+LD O 7 = 4.4 · 10 −6 , which is a factor 2.4 larger compared to the lowest order estimate for the same values of the parameters.
The paper is organized as follows: In section 2 we display the amplitude for B s → γγ in the free quark model and present the leading logarithmic QCD corrections. In section 3, we calculate the form factor F 1 in the decay B s → φγ using QCD sum rules and compare our result with the previous result obtained in [8] . Section 4 is devoted to the estimate of the B s → φγ → γγ amplitude in the framework of VMD. We discuss the resulting branching ratio B(B s → γγ) SD+LD O 7 and its parametric dependence on m s and µ in section 5.
B s → γγ decay in the free quark model
The amplitude for the decay B s → γγ can be decomposed as [4] [5] [6] 
where the k i and ǫ ν i (k i ) denote the four-momenta and the polarization vectors of the outgoing photons, respectively 1 . Using the effective Hamiltonian in eq. (1), the CP-even (A + ) and CP-odd (A − ) parts in the SM can be written as (for diagrams see fig. 1 and fig. 2 )
where we have used the unitarity of the CKM-matrix i=u,c,t V * is V ib = 0 and have neglected the contribution due to an internal u-quark, since V * us V ub ≪ V * ts V tb ≡ λ t . Furthermore, we have used the definition
and C 2 (µ) and C ef f 7 (µ) are the QCD-corrected Wilson coefficients in leading logarithmic approximation [3] . While C 2 (µ) is the coefficient of the operator O 2 , C ef f 7 (µ) is the "effective" coefficient of O 7 and contains renormalization scheme dependent contributions from the fourquark operators O i , i = 1, . . . , 6 in H ef f to the effective vertex in b → sγ. In the NDR scheme, which we use here, C ef f 7 (µ) = C 7 (µ) − 1 3 C 5 (µ) − C 6 (µ), see [3] for details. The initial values of C 2 (µ) and C ef f 7 (µ) in the SM are
where 
Using the above expressions, the partial decay width is then given by :
Now, there are 2 new observations to be made:
First, the Wilson coefficients in eq. (3) depend on the scale µ. Therefore, since the behaviour of requires the calculation of a large number of virtual corrections, which we have not taken into account. Varying the scale µ in the range m b 2 ≤ µ ≤ 2m b , one introduces an uncertainty, which can be reduced only when the complete next-to-leading order (NLO)-analysis is available, similar to the recently completed calculation for the B → X s γ decay [2] . We identify the b-quark mass with its pole mass throughout this paper. Parameter Value 
with the constant C
where we just take the contribution due to the electromagnetic penguin operator O 7 into account and put m s = 0, justified by m s ≪ m b . Here ǫ and q are the photon polarization and the 5 (outgoing) photon momentum, respectively. Lorentz decomposition gives further:
where p, p ′ denote the four-momenta of the initial B s -meson and the outgoing φ, respectively and ǫ φ µ is the polarization vector of the φ-meson. At the point q 2 = 0, it is enough to calculate F 1 (0), since both form factors coincide [10] . Note, that the form factors introduced above are in general functions of two variables q 2 and p ′2 . Since φ is on-shell, we abbreviate here and in the following unless otherwise stated F 1 (q 2 ) ≡ F 1 (q 2 , p ′2 = m 2 φ ). The starting point for the sum rule is the three-point function [11] 
where J α =sγ α s, J 5 =siγ 5 b and T µ =s 1 2 σ µν q ν b correspond to the electromagnetic, pseudoscalar currents and the penguin operator, respectively. Performing now an operator product expansion (OPE) of T αµ , we obtain a perturbative term, the so-called bare loop, and nonperturbative power corrections, diagramatically shown in fig. 3 . The bare loop diagram can be obtained using a double dispersion relation in p 2 and p ′2 ,
Technically, the spectral density ρ(s, s ′ ) can be calculated by using the Cutkowsky rule, namely, by replacing the usual propagator denominator by a delta function:
In eq. (14) N c is the colour factor (N c = 3 for QCD).
OPE enables us further to parametrize the non-perturbative effects in terms of vacuum expectation values of gauge-invariant operators up to a certain dimension, the so-called condensates. We consider up to dimension-5 operators; i.e. the quark condensate, gluon condensate and the quark-gluon (mixed) condensate contributions ( fig. 3 ). This calculation is carried out in the fixed point gauge, i.e. A µ .x µ = 0. We get 
where
Here we used the exponential representation for the gluon condensate contribution:
The momenta P, P ′ in eq. (15) are euclidean. Note, that for reasons explained below we take into accout in eq. (16) a finite m s mass.
For the calculation of the physical part of the sum rules we insert a complete set of on-shell states with the same quantum numbers as B s and φ in eq. (12) and get a double dispersion
where f φ and f Bs are the leptonic decay constants of the φ and B s mesons respectively, defined as usual by
We have absorbed all higher order states and resonances in the continuum. Now, we equate the hadron-world with the quark-world by T phys = T bare +T 3 +T 4 +T 5 . Using quark-hadron duality, we model the continuum contribution by purely perturbative QCD. To be definite, it is the part in eq. (13) above the so-called continuum thresholds s 0 and s ′ 0 . To get rid of subtractions and to suppress the contribution of higher order states, we apply a Double Borel transformationB [14] with respect to p 2 and p ′2 . We make use of the following properties of the Borel transform:B
Finally, this yields the sum rule: is defined by:
In the calculation of the gluon condensate, we take into account a finite m s -mass. The reason why we didn't put m s → 0 lies in the bad behavior of the function N(x) as x goes to zero.
(N(x) behaves like 1
x as x → 0.) However, a non-zero m s -mass causes the function to behave like e − a x x , where a is a positive constant. This converges to 0 as x → 0 and the integration over the Feynman parameter x becomes safe. 
Analysis of the sum rule
First we list the values of the input parameters entering the sum rules (eq. (22)), which are not included in Table 1 : m 2 0 = 0.8 GeV 2 [12] , <ss >= −0.011 GeV 3 [13] , αs π < G 2 >= 0.03 GeV 4 [14] , m φ = 1.019 GeV and f φ = 0.23 GeV [15] .
We do the calculations for two different continuum threshold values s 0 = 33 GeV 2 and s 0 = 35 GeV 2 and take s ′ 0 = 1.8 GeV 2 . In fig. 4 we present the dependence of F 1 (0) on M 2 and M ′2 for s 0 = 33 GeV 2 . According to the QCD sum rules method, it is necessary to find a range of M 2 and M ′2 , where the dependence of F 1 (0) on these parameters is very weak and, at the same time, the power corrections and the continuum contribution remain under control.
From fig. 4 and fig. 5 follows that the best stability region for F 1 (0) is 7 GeV 2 ≤ M 2 ≤ 9 GeV 2 , 2 GeV 2 ≤ M ′2 ≤ 3 GeV 2 for s 0 = 33, 35 GeV 2 . We get:
This agrees for our value of m b within errors with the result given in the literature, based on
Light-cone QCD sum rule calculations [8] .
Numerical analysis shows, as also mentioned in [11] , that the natural hierarchy of the bare loop, the power corrections and continuum contributions does not hold due to the smallness of the integration region, and the power corrections exceed the bare loop contribution. The gluon condensate contribution is ≤ 2% of the dim-3 + dim-5 condensate contributions and can therefore be safely neglected in numerical calculations. 10 4 The B s → φγ → γγ amplitude using VMD model
We consider the construction of a VMD amplitude using the amplitude for the decay B s → φγ as an input. Our aim is to continue the B s → φγ decay amplitude from p ′2 = m 2 φ to p ′2 = 0, such that the φ meson propagates as a massless virtual particle before converting into a photon. Note that we suppressed in our notation the dependence of the form factor F 1 (q 2 ) = F 1 (q 2 , p ′2 = m 2 φ ) on the second argument p ′2 . We define hereF 1 (Q 2 ) ≡ F 1 (q 2 = 0, Q 2 ) for virtual momenta Q 2 = −p ′2 . Assuming pole-type behaviour of the form factorF 1 (Q 2 ) we extrapolate using the single-pole formF
which works well for light mesons. Using an m pole of order 1.7 − 1.9 GeV, which corresponds to the mass of the higher resonances of φ, we estimateF 1 (0) = 0.16 ± 0.02.
With the help of VMD [16] and factorization we can now present the amplitude for B s → γγ.
Using the intermediate propagator
and the A(B s → φγ) amplitude, see eq. (9), we get: ) parts:
where f φ (0) = 0.18 GeV [7] , Q s = −1/3 and C is defined in eq. (10). The factor 2 comes from the addition of the diagrams with interchanged photons. Note, that while for the analysis of the sum rule for B s → φγ we have used f φ ≡ f φ (m 2 φ ), here we take into account the suppression in f φ (Q 2 ) going from Q 2 = m 2 φ to Q 2 = 0. We treated the polarization vector ǫ φ as transversal and replaced ǫ → ǫ 1 , ǫ φ → ǫ 2 , q → k 1 , p ′ → k 2 . The conversion factor χ is defined as
Adding this to the free quark amplitudes (eq. (3)), we obtain the B s → γγ width including the O 7 -type long-distance effects:
(31) Figure 6 : Scale dependence of the ratio R(µ) defined in eq. (32). The dashed line depicts the suggested choice of the scale µ from B → X s γ studies in NLO [2, 3] . The parameters used are given in Table 1 .
Numerical estimates
First we study the leading logarithmic µ-dependence of the ratio
Here the m s dependence cancels out. From fig. 6 we find an enhancement factor of 2 − 3 relative to the lowest order result obtained by setting µ = m W . Varying µ in the range 12 2.5 GeV ≤ µ ≤ 10.0 GeV, gives an uncertainty △R/R(µ = 5 GeV) ≈ ±24%. Here one can argue, that the choice µ = m b 2 takes into account effectively the bulk of the NLO correction as suggested by the NLO calculation for B → X s γ [2] . Table 2 shows the combined µ and m s dependence of the branching ratio 1.99 · 10 −6 0.76 · 10 −6 10.0 (GeV) 3.54 · 10 −6 1.60 · 10 −6 0.62 · 10 −6 
with Γ(B s → γγ) SD given in eq. (8) . We find, that κ lies in the range:
depending mainly on m s .
In conclusion, we have reanalysed the decay rate B s → γγ in the SM. We included the leading logarithmic QCD corrections and investigated the influence of the LD-contributions due to the chain B s → φγ → γγ. Depending on m s , the LD-contributions become sizeable.
Other possible LD contributions may also arise from the O 2 -type transitions.
The decay rate of B s → γγ depends sensitively on m s and µ. Fixing µ to µ = m b 2 as suggested by the NLO calculation of B → X s γ and varying m s (see Table 2 ), we find that the branching ratio B(B s → γγ) SD+LD O 7 is uncertain by a large factor 0.9 · 10 −6 ≤ B(B s → γγ) SD+LD O 7 ≤ 5.6 · 10 −6 .
(36) Improving this requires NLO calculation in the decay rate B s → γγ, which will also take into account the scale dependence of the sand b-quark masses. With the choice of m s = 0.2 GeV, the resulting branching ratio (5.6 · 10 −6 ) is substantially larger than what has been stated in the literature. The present best limit on the decay B s → γγ is [17] B(B s → γγ) < 1.48 · 10 −4 ,
which is still a factor ≈ 30 − 160 away from the estimates given here.
